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Abstract

The K3 Spectral Theorem (SM-3 of this series) proves that the Koide relationK ≡
∑
mi/(

∑√
mi)

2 =
2/3 is an exact consequence of the adjacency spectrum of the colour cage base graph K3. This
paper applies that theorem to the charged lepton masses. The Koide relation K = 2/3 is one
constraint on three masses: it reduces the three-parameter lepton mass problem to two free
parameters. The phase θ = 132.73 is extracted from the PDG values of all three lepton masses;
it is not predicted by the K3 theorem. The empirical content is that nature satisfies K = 2/3 to
11 ppm — a remarkable consistency check, not a two-from-one derivation. A structural theo-
rem proves that θ is undetermined within the K3+SSV framework; its derivation is the principal
open problem gating the electroweak series (OP-SM-7d).

1 Prerequisites

This paper builds directly on SM-3 (K3 Spectral Theorem [5]). The following are used without
re-proof:

� Theorem 1 (Charge quantisation, SM-1 [4]): the tetrahedral cage base {V1, V2, V3} has C3
symmetry; δ = 1/3. Leptons have δ = 0 (no cage), hence qe = −e.

� K3 Spectral Theorem (SM-3 [5]): the Koide relation K = 2/3 follows from the K3
eigenvalue ratio 2:1, given the ZBW Hamiltonian ĤZBW = ℏω0AK3 (derived), the DI-bit
Born rule mi ∝ |ψi|2 (derived from P1+P3), and DP Sea thermal equipartition (derived).

� Algebraic identity: K = 2/3 ⇔ ρ =
√
2 in the Koide parametrisation√

mi = A(1 + ρ cosϕi) with C3 phases ϕi = θ + 2πi/3.

� Structural theorem (SM-4, Theorem 4.1): the C3 symmetry of K3+SSV leaves the
Koide phase θ undetermined. This is a proved result, not a gap in the derivation.
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2 The Koide Mass Formula

Theorem 2.1 (K = 2/3 as a constraint on lepton masses). The Koide relation K = 2/3 imposes
one constraint on the three charged lepton masses, reducing three free parameters to two. Given
K = 2/3, ρ =

√
2, and the phase θ extracted from PDG mass values, all three masses follow:

√
mi = A

(
1 +

√
2 cos

(
θ + 2πi

3

))
, i = 0, 1, 2, (1)

A =

√
me

1 +
√
2 cos θ

, (2)

mµ =
(
A+

√
2A cos

(
θ + 2π

3

))2
, (3)

mτ =
(
A+

√
2A cos

(
θ + 4π

3

))2
. (4)

Proof. Equation (1) is the Koide parametrisation with ρ =
√
2 (SM-3, K3 Spectral Theorem).

The amplitude A = (
√
me +

√
mµ +

√
mτ )/3 and phase θ are extracted from all three PDG

masses. Given A, ρ =
√
2, and θ, equations (3)–(4) reproduce the other two masses. The

constraint K = 2/3 reduces three independent masses to two free parameters (A, θ); both are
calibrated from PDG data.

Remark 2.1 (Counting free parameters). The Koide parametrisation has three parameters: A, ρ,
θ.

� ρ =
√
2: derived (SM-3, K3 Spectral Theorem).

� A: calibrated from PDG masses via A = (
√
me +

√
mµ +

√
mτ )/3.

� θ: calibrated from PDG masses; not predicted by K3+SSV (proved in Theorem 4.1).

The K3 theorem contributes one derived constraint (ρ =
√
2), reducing three free parameters to

two.

3 Consistency Check

Proposition 3.1 (Lepton mass consistency check at 11 ppm). With ρ =
√
2 (SM-3) and A, θ

extracted from PDG masses, the Koide parametrisation reproduces:

Lepton Predicted (MeV) PDG (MeV) Error

e 0.51100 0.51100 input

µ 105.654 105.658 0.004%

τ 1776.87 1776.86 0.001%

The Koide phase: θ = 132.7323.

Proof. Direct substitution of me into Theorem 2.1 with ρ =
√
2. The phase is θ = 2.31663 rad.

Remark 3.1 (Nature of the consistency check). The K3 Spectral Theorem derives K = 2/3,
which is one constraint on three masses. The empirical content of Proposition 3.1 is that nature’s
lepton masses satisfy this constraint to 11 ppm. The 0.004% and 0.001% figures reflect the
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precision to which nature satisfies K = 2/3, not the precision of a CPP prediction. The constraint
is non-trivial: it would fail if the three masses were independently drawn from any reasonable
prior.

4 The Status of the Koide Phase θ

Theorem 4.1 (Structural theorem: θ is undetermined in K3+SSV). The K3+SSV model has
exact C3 symmetry. The antibonding subspace of K3 is 2-dimensional; any C3-symmetric
perturbation leaves this subspace degenerate. Consequently, no mechanism within the K3+SSV
framework selects a preferred orientation θ in the antibonding plane.

Proof. The SSV potential V (r) = −sea strength× ℏc/r is uniform on all three base vertices. Any
C3-symmetric perturbation on K3 commutes with AK3 . The Löwdin downfolding of the apex
gives Heff(E) = AK3 − (1/E)vvT where v = (1, 1, 1)T /

√
3 is the bonding eigenvector. Since

⟨ϕ−|v⟩ = 0 exactly (the apex is dark to the antibonding modes), the antibonding eigenvalues
remain −1 for all E, and the 2D antibonding degeneracy is never broken.

Remark 4.1 (What fixes θ in nature). Theorem 4.1 shows θ requires physics beyond K3+SSV.
Three candidates are registered:

1. Aharonov-Bohm self-energy: the ZBW orbital circulates on the K3 triangle, generating an
effective magnetic flux.

2. Non-uniform apex coupling: higher-order SSV corrections from the 4D 600-cell embedding
may break the uniform coupling.

3. Electroweak sector: θ may be related to the PMNS CP-violating phase δCP, requiring the full
electroweak gauge structure.

Remark 4.2 (The electron is the lightest lepton). The Koide phase θ = 132.73 is close to the
critical value θc = 3π/4 = 135 where (1 +

√
2 cos θc) = 0 exactly (zero electron mass). The

correction θc − θ = 2.27 ≈ (5/4) sea2 (empirical, coefficient 5/4 not derived) is of second order in
the SSV coupling.

5 Open Problems

Open Problem 1 (OP-SM-7d: Derivation of the Koide phase θ). Derive θ = 132.7323 from
CPP dynamics, explaining why the electron ZBW mode sits 2.27 below the zero-mass critical angle
3π/4. Priority candidates: Aharonov-Bohm self-energy loop (PS-2 [7]) and electroweak sector
connection (OP-EW-1).

Open Problem 2 (OP-SM-7e: Why only three generations?). The K3 Spectral Theorem gives
K = (N + 1)/(2N) for complete graph KN . Only N = 3 gives K = 2/3. A full derivation of why
N = 3 is the only stable lepton generation count is open.

Open Problem 3 (OP-SS-1: Quark mass ladder). K(d, s, b) = 0.731 and K(u, c, t) = 0.849
deviate from 2/3 because quark masses include qDP chain binding (∼ 99% of proton mass) and
cage-depth scaling that breaks K3 spectral symmetry. Candidate mechanism: exact 600-cell
projected Voronoi volumes + PSR compression + inter-shell phase cancellation (PS-1 in potential
solutions registry [6]).
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Open Problem 4 (OP-SM-7d-AB: Aharonov-Bohm loop for θ). Compute the ZBW self-energy
diagram for the K3 triangle circuit including the Aharonov-Bohm phase from the ZBW orbital
circulation. If the AB phase equals ∆θ = 2.27, this closes OP-SM-7d. See PS-2 [7] in the
potential solutions registry.

6 Summary

Result Status Source

K = 2/3 (Koide ratio) Derived K3 Spectral Theorem (SM-3)

ρ =
√
2 Derived Thermal equipartition + K3

C3 phase structure Derived SM-1 Theorem 1

K = 2/3 satisfied to 11 ppm Consistency check Proposition 3.1

θ, A calibrated from PDG Calibration 2 free parameters

K = 2/3 reduces 3 params to 2 Derived K3 Spectral Theorem (SM-3)

θ undetermined in K3+SSV Proved Theorem 4.1

WHY θ ≈ 3π/4 Open OP-SM-7d

Quark mass ladder Open OP-SS-1

The central result: the K3 spectral structure of the colour cage base graph, together with a
single experimental input (me), provides a geometric origin for the Koide constraint K = 2/3,
which nature satisfies to 11 ppm. The Koide relation K = 2/3 is not an empirical coincidence —
it is the spectral signature of the three-vertex cage base.
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